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Phase diagrams of lyotropic cholesteric fluids

Pierre Tolédano,* A. M. Figueiredo Neto, and Z. A. de Sant’Ana†

Instituto de Fı´sica, Universidade de Sa˜o Paulo, Caixa Postal 66318, 05315-970, Sa˜o Paulo, SP, Brazil
~Received 19 July 1999!

Experimental investigations of lyotropic cholesterics fluids are presented which show that changes in the
shape anisotropy and chirality of the micellar population determine the topology of the temperature-
concentration phase diagrams. For given amounts of the substances which induce the chirality and modify the
shape anisotropy of the micelles, two distinct biaxial cholesteric phases are disclosed in the phase diagrams.
This is interpreted in the framework of the catastrophe theory of phase transitions.

PACS number~s!: 64.70.Ja, 61.30.Gd
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I. INTRODUCTION

The phase diagrams of lyotropic nematic fluids pres
specific features which are related to the fact that their bu
ing blocks, the micelles, undergo changes in their shap
functions of temperature and concentration@1#. One of the
most remarkable features is the doubling of the singularit
within a given phase diagram, that was first observed by
and Saupe@2# in the lyotropic mixture of potassium laurate
decanol, and water (KL/DeOH/D2O). In this system three
distinct nematic phases are found, two uniaxial~denotedND
andNC) and one biaxial (NB), which merge at a four-phas
‘‘Landau’’ point with the high-temperature isotropic pha
~iso 1!. Another isotropic phase~iso 2! takes place at lowe
temperature, and the second-order transition lines separ
the ND , NB , and NC phases seem to converge toward
second Landau point@2,3#.

An analogous but more complex situation has been
ported for lyotropic cholesteric systems, which are obtain
for example by adding a chiral dopant to the nematic m
sophases, such as brucine sulfate heptahydrate~BS! @4–7#. In
the corresponding phase diagrams theND , NB , and NC
phases are replaced by the chiral cholesteric variants,
noted Ch-D, Ch-B, and Ch-C, but the high-temperature Lan
dau point can be either preserved@5# or substituted by two
three-phase points@6,7#. In the low-temperature part of th
phase diagram the second-order-transition lines separa
the Ch-D, Ch-B, and Ch-C phases seem also to merge
four-phase@5,6#, or at two three-phase points@7#.

The reentrance of the higher temperature isotropic ph
~iso 1! below the nematic or cholesteric region~iso 2!, and
the reappearance of the singularities~four-or-three phase
points! on the first-order transition line separating the p
ceding regions from the iso 2 phase has been interprete
the framework of the catastrophe theory of restructuring
phase diagrams@8#, as a symmetric folding of the high
temperature region of the phase diagram induced by
change in micellar shape anisotropy with decreasing t
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perature@9,10#. There exists, however, in cholesteric syste
another specific internal degree of freedom, the molecu
chirality, that should also affect the topology of the pha
diagrams, and has not been taken into account in the th
retical description of Refs.@9# and@10#. It has been shown, in
this respect, that the pitch of the cholesteric structure
strongly dependent on the micellar anisometry@11#.

The aim of the present article is twofold. At first w
present the results of experimental investigations on lyo
pic cholesteric systems~Sec. II!, which reveal that the inter-
play between the chirality and anisometry of the micel
population determines in a decisive way the topology of
corresponding phase diagrams. In particular we show tha
given amounts of the substances which induce the chira
and modify the shape anisotropy of the micelles, the ph
diagram of the mixtures presents two distinct biaxial phas
Secondly, we analyze theoretically the topology of the e
perimental phase diagrams by extending the theoretical
proach proposed in Refs.@9# and @10# ~Sec. III!. In Sec. IV
we summarize our results and briefly discuss the conditi
under which biaxial phases, which have been vainly searc
in thermotropic liquid crystals@12#, take place in lyotropic
cholesteric fluids.

II. TEMPERATURE CONCENTRATION PHASE
DIAGRAMS OF LYOTROPIC CHOLESTERIC MIXTURES

In a first series of experiments we investigated by opti
techniques and x-ray diffraction, different mixtures
KL/DeOH/H2O/BS. The study allowed us to work-out thre
types of phase diagrams having the characteristic topolo
shown in Figs. 1~a!–1~e!. In one type of phase diagram
@Fig. 1~a!# the relative molar concentration of BS is varied
fixed contents of DeOH, KL, and H2O. The concentration of
BS determines the chiral~twisting! field through the param-
eter Ma5@BS#/(@BS#1@DeOH#1@KL #) where @ # stands
for the molar~percent! concentration. VaryingMa and the
temperatureT gives indications on the influence of the ch
lesteric pitch on the phase diagram topology for a giv
shape anisotropy of the micelles, determined by the cont
of DeOH and KL. In another type of phase diagram@Figs.
1~b!, 1~c!, and 1~e!# the relative molar concentration betwee
BS and H2O is fixed while the value of the parameterMc
5@DeOH#/(@BS#1@DeOH#1@KL #) is changed by varying
the content of DeOH. It gives information on the influence
486 ©2000 The American Physical Society
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FIG. 1. ~a!–~e! Phase diagrams obtained for different mixtures of KL/DeOH/H2O/BS. The notation of the phases is defined in the te
Ma andMc are dimensionless. The transition lines separating the phases represent a guide for the eye.~a! Mc.37.1331023. ~b! and ~c!
Ma.2.0631023. ~e! Ma.5.7231023.
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the micellar shape anisotropy on theT-Mc phase diagram a
fixed content of BS. In a third type of phase diagram@Fig.
1~d!# the values ofMa andMc are simultaneously varied.

The optical and x-ray experimental setup, as well as
experimental procedures followed in our measureme
have been described in detail in Ref.@11#. The following
information is obtained, which refer to the specific geome
of the optical experiment represented in Fig. 2.

~1! The usual three cholesteric phases~Ch-C, Ch-B, and
Ch-D) are identified by their characteristic textures in a p
larizing microsco¸pe. Since the Ch-D –Ch-B phase transition

FIG. 2. Geometry of the optical experiment@11#. x, y, andz are

the laboratory frame axes.HW is the magnetic field used to orient th
cholesteric~Ch-D and Ch-B) samples.P andA are the polarizer and
the analyzer.
e
s,

y

-

is not so easy to be determined by observing the textures
corresponding transition temperatures are obtained by m
suring the light transmittanceI along thez axis as a function
of temperature.

~2! The pitchP is determined by measuringI ~at constant
T) as a function ofx along the helicoidal direction.

~3! The shape anisotropyA of the micelles is deduced
from the x-ray diffraction patterns@11#. A is defined as the
ratio between two typical micellar dimensions: the a
phiphilic bilayer and the mean diameter of the micelles.

Concerning the dependences onT and relative concentra
tions Ma andMc of the parametersP andA, we could con-
firm the conclusions previously reached in Re
@6,11,13,14#: namely~i! P increaseswith decreasing values
of Ma (Mc fixed! and increasing temperature. TheP21(Ma)
dependence is almost linear for the lower values ofMa and it
deviates from linearity in the higher concentration limit. O
the other handP decreaseslinearly whenMc increases (Ma
fixed!. ~ii ! A increasesalmost linearly with increasing value
of Mc (Ma fixed!. ~iii ! A displays a nonmonotonous beha
ior with temperature. WhenT decreasesA increases up to
about the middle of the cholesteric region, then after rea
ing a maximum it decreases on approaching the lo
temperature isotropic phase.

Figures 1~a!–1~e! represent the most typical phase di
grams obtained in this first series of experiments. They d
play a remarkable variety in the shapes of the different c
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FIG. 3. Phase diagrams obtained for the mixtures KL/DaCl/H2O/BS @~a! and ~b!# and (Kl/KCl/DeOH/H2O/Sac) ~c!. ~a! 0.34,@BS#
,0.67 and 0.0451,@DaCl#,0.0906.~b! @DaCl#/@KL #50.15. In~c! @DeOH#/@KL # 5 0.19. In~b! L denotes a lamellar phase.@ # stands for
the molar~percent! concentration.
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lesteric phases and in the type of singularities. The m
striking feature is the variety of behaviors found for t
shape of the biaxial Ch-B region in the phase diagrams an
for the related singularities. In the high-temperature par
the phase diagrams, on the first-order transition line sepa
ing the iso 1 phase or polyphasic region~pol 1! from the
cholesteric phase, the Ch-B phase merges with the othe
phases either at three-phase points@Figs. 1~a! and 1~b!# or at
four-phase points@Figs. 1~c! and 1~d!#. Both types of points
are present in the phase diagram of Fig. 1~e!, in which the
biaxial phase seems to split in two distinct regions of sta
ity ~a small one and a large one! denoted, respectively
Ch-B1 and Ch-B2. However, the actual configuration of th
Ch-B1 phase is uncertain since this phase occupies a na
region of the phase diagram and is confirmed by only o
data point. In contrast, the transition line separating
Ch-B2 phase from the pol 1 region is clearly bounded by t
three phases points.

In the low-temperature part of the phase diagrams of F
1~a!–1~e!, a very similar behavior is found for the biaxia
phase in the low-concentration limit: the Ch-C–Ch-B and
Ch-D –Ch-B second-order transition lines converge, in t
direction of the iso 2 phase, toward a four-phase point.
some respects the preceding features realize a combinati
the topologies found respectively for the biaxial nema
@2,3# and biaxial cholesteric@4,6# phases previously reporte
for lyotropic systems. Only in the phase diagram of Fig. 1~d!
the shape of the Ch-B phase has the same topology pre
ously found for a biaxial NB phase@2,3#.

In Figs. 1~a! and 1~b! the Ch-C and Ch-D phases occupy
respectively the left and right hand sides of the phase
gram, the Ch-D phase remaining as the only stable phase
low temperature. In the three other phase diagrams the
uniaxial cholesteric phases exhibit a different configurati
In Figs. 1~c! and 1~d! the stability of the Ch-D phase is
reduced by the extension of the Pol region which creates
distinct ~small and large! regions of stability for the Ch-D
phase. Three distict Ch-D phases surrounded by the Pol r
gions~denoted Pol 1 and Pol 2! appear in the phase diagra
of Fig. 1~e!. In contrast the Ch-C region of stability forms
always a single phase across the different phase diagram
separates the two biaxial phases in Fig. 1~e!.
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In order to confirm the existence of two distinct biaxi
phases in the phase diagram of lyotropic cholesteric syst
and to precise the role played by the chiral dopant, a sec
series of experiments was undertaken. Two different type
cholesteric mixtures were investigated using the same
perimental setup @11#. In one series of mixtures
(KL/DaCl/H2O/BS) we replaced DeOH by DaCl~decylam-
monium chloride! in order to modify the type of micellar
anisometry @14#. In another series of mixture
(KL/KCl/DeOH/D2O/Sac), potassium chlorate (KCl) i
added and BS is replaced by Saccharose~Sac! inducing cor-
related modifications in the types of micellar shape anis
ropy and chirality. Figures 3~a!, 3~b!, and 3~c! show the three
phase diagrams in which the existence of two biaxial pha
could be clearly confirmed. In the phase diagram of Fig. 3~a!
the concentrations of DaCl and BS are both varied wher
only the concentrations of BS and Sac are changed in F
3~b! and 3~c!, respectively. Since our aim was mainly to fin
evidence of two separated biaxial phases in the same p
diagram, only reduced intervals of concentrations were
plored. However, although these diagrams provide an inc
plete picture of the phase boundaries the following featu
can be foreseen:~i! As in Fig. 1~e! the high-temperature
biaxial (Ch-B1) phase occupies a more narrow region
stability than the low-temperature biaxial (Ch-B2) phase.~ii !
At variance with the phase diagrams of Fig. 1 the Ch-B1
phase is only in contact with the Ch-D phase, and the Ch-C
phase is here the most stable at low temperature@Figs. 3~a!
and 3~b!# or is absent from the phase diagram@Fig. 3~c!#.

III. PHENOMENOLOGICAL DESCRIPTION OF THE
PHASE DIAGRAMS

In this section we first recall the basic ideas and form
ism which have been used@9,10# to describe phase diagram
involving biaxial lyotropic phases~Sec. III A!. We then ex-
tend this formalism in order to explain the possible stab
zation of two biaxial phase in lyotropic cholesteric mixtur
~Sec. III B! and the change in the type of singularities~three
and four-phase points! found from one phase diagram to a
other ~Sec. III C!. At last, in Sec. III D, the variety of topo-
logical features revealed by the experimental phase diagr
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of Figs. 1 and 3, are shown to correspond to different sit
tions predicted by the theoretical approach.

A. Topological metamorphosis

In Refs.@9# and@10# a theoretical model of the isotropic
nematic and isotropic-cholesteric phase transitions was
posed in which the modification of the shape of the mice
aggregates~which had been previously reported experime
tally @15–18#! was taken into account. In this model the the
modynamic potential describing the phase diagrams wh
contain a biaxial phase can be written under the form

F1~ I 1 ,I 2 ,I 3!5a1I 11a2I 1
21b1I 21b2I 2

21c1I 31c2I 3
2

1d12I 1I 21d13I 1I 31d23I 2I 31•••, ~1!

where I 1 , I 2 and I 3 are the order-parameter invariants d
fined by

I 1~r ,t!5r 21t2, I 2~r ,u!5r 3cos 3u, I 3~t!5t ~2!

and the (ai ,bi ,ci ,di j ) are phenomenological coefficien
which depend on temperature, but also on the numbe
micelles per unit volume.r andu express, respectively, th
deviations of the micellar shape from a sphere (r 50) and
from a revolution ellipsoid (u50). t is a scalar~nonsymme-
try breaking! order parameter representing the continuo
change in shape of the micelles in function of temperat
and concentration. In the framework of the theory of restr
turing of phase diagrams, developed by Arnold@8,19#, t
plays the role of an extravariable of the nonrigid intern
degrees of freedom of the system which preserves the e
ing singularities and may lead to their multiplication. Wi
respect to the current model of the isotropic-to-nema
phase transition proposed by Freiser@20# and Alben @21#
@who used the two basic invariantsI 1(r )5r 2 and I 2(r ,u)#
the variablet introduces a new linear invariantI 3(t)5t in
the order-parameter expansion and results in a nonlin
transformation of the quadratic invariant:

I 1~r ,t!5r 21Pn~t!, ~3!

wherePn(t) is a polynomial of degreen52,3,4, . . . , int. It
may lead to a multiplication byn of the initial singularities,
which is called@8,19# a topological metamorphosis.

In Ref. @9# the simplest quadratic form was consider
@Pn(t)5t2# to account for the reentrance of the isotrop
phase and for the reappearance of the low-temperature
phase point@2#. However, the existence of two biaxial phas
and the variety of behaviors for the singularities found in
phase diagrams of Figs. 1 and 3 reveals a complex situa
which requires a more elaborated theoretical scheme.

B. Influence of chirality

The existence of two distinct biaxial regions in the pha
diagrams of Figs. 1~e! and 3~a!, 3~b!, 3~c! suggestsa priori
that a ‘‘double’’ topological metamorphosis occurs that m
be described phenomenologically by a third deg
polynomal (n53) in Eq. ~3!. However, one can show tha
this would imply also a double reentrance of the hig
temperature isotropic phase, and a number of constraint
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the topology of the uniaxial and biaxial phases, as well as
the corresponding singularities, which are not observed
perimentally. A more consistent description of the phase d
grams of Figs. 1 and 3 can be made by taking into acco
the chiral nature of the cholesteric mixtures, i.e., to assu
that the chirality of the micellar population requires to intr
duce in the theoretical approach an additional internal deg
of freedom.

The theoretical description of chiral liquid crystal phas
is usually taken into account via a pseudoscalar order par
eter which allows existence of inhomogeneous gradi
terms@22#. However, when aiming to describe only the t
pology of the phase diagram, and not the inhomogene
character of some of the phases, it is sufficient to cons
the homogeneous order-parameter invariants. One can
press here the influence of chirality via the pseudoscalar
malized quantity

n

n0
5

P0

P
, ~4!

whereP is the helical pitch deduced from light transmittan
measurements~see Sec. II! and n051/P0 , whereP0 is the
maximal value of the pitch measured just below the iso
phase.n/n0 is a normalized dimensionless variable, varyi
from 21 to 11, where the negative values are arbitrar
assumed to correspond to left handed helices andn/n0>0
coincides with righ-handed helices. In the framework of t
theory of restructuring of phase diagrams, the effect of
nonsymmetry breaking order parametern/n0 is to introduce
an additional linear invariant

I 45
n

n0
~5!

and to produce a nonlinear transformation of the quadr
invariant, which will be taken as

I 18~r ,t,n!5r 21t21S n

n0
D 2

. ~6!

Accordingly the thermodynamic potential associated w
the four-component ~reducible! order parameter
(r ,u,t,n/n0) is

F2~ I 18 ,I 2 ,I 3 ,I 4!5F1~ I 18 ,I 2 ,I 3!1e1I 41e2I 4
21d14I 18I 4

1d24I 2I 41d34I 3I 4 . ~7!

Standard minimization ofF2 with respect to the differen
variables yields phase diagrams, which contain the differ
uniaxial and biaxial lyotropic cholesteric phases, as well
the two isotropic~iso 1 and iso 2! phases. Figure 4 shows th
location of the three cholesteric and two isotropic phase
the three-dimensional space of the invariants (I 2 ,I 3 ,I 4). One
can see that the region of stability of the biaxial ChB
phases, occupies the interior of a ‘‘flying saucer’’ type vo
ume (21,cos 3u,1) limited by the Ch-C and Ch-D sur-
faces (cos 3u561). The isotropic phases correspond to t
bounding circle defined byr 50, t21(n/n0)251, and21
,t,11,21,(n/n0),11. The same figure represents th
variation of the preceding volume along theI 18 axis. It shows
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that whenI 18 increases@i.e., for increasing values of ther ,t
or (n/n0) parameters# one gets sucessive inflated self-simil
volumes. Coming back to the experimental phase diagra
which are two-dimensionalnonlinear cross sectionsof the
four-dimensional space (I 18 ,I 2 ,I 3 ,I 4), one can interpret the
regions of stability of two distinct biaxial phases as cro
sections of two distinct hypervolumes represented symb
cally in Fig. 4.

In Sec. II it has been concluded from the experiments t
an increase ofMc corresponds to an increase of the sha
anisotropyA and to a decrease of the helical pitchP. There-
fore the three variablesr, t, andn/n0 increasewith increas-
ing Mc and, sinceI 18 increases, contribute to an enlargeme
of the hypervolume symbolizing the biaxial cholesteric
gion in Fig. 4. This is consistent with the larger surface o
cupied by the Ch-B2 phase with respect to the Ch-B1 phase
in Fig. 1~e!, as it occurs for larger values ofMc and thus
coincides with a cross-section of a larger hypervolume. T
same conclusion holds for the Ch-B2 and Ch-B1 phases in
Figs. 3~a! and 3~b!.

As noted in Sec. II,P decreases~andn/n0 increases! with
decreasing temperature and should contribute to an incr
of I 18 at lower temperatures, i.e., of the surface of the ph
diagram occupied by the biaxial region. At varianceA ~and
thereforer , t, andI 18) increases with decreasing temperatu
only in the central part of the cholesteric region. This is
qualitative agreement with the shape of the biaxial region
observed in Figs. 1~b! and 1~d!, which enlarges at middle
distance from the iso 1 and iso 2 phases, but reduces clo
those phases. It is also consistent with the enlargement o
Ch-B2 phase with respect to the high-temperature ChB1
phases, shown in Fig. 1~e! and Figs. 3~a!, 3~b!, 3~c!.

C. Transformation of the singularities

Another remarkable feature of the experimental ph
diagrams of Figs. 1 and 3 is not accounted for in the prec
ing description, namely, the change in the nature of the
gularities connecting the biaxial phase to the isotropic
polyphasic~pol 1, pol 2, pol! phases. Thus in the phase di
grams of Figs. 1~a!, 1~b!, and 1~c! the Ch-B phase connects
with the iso 1 and pol 1 phases at two three-pha

FIG. 4. Configuration of the regions of stability of the chole
teric and isotropic phases in the 3D space of the invaria
(I 2 ,I 3 ,I 4), and evolution of the corresponding volume along theI 1

8

axis, and withT, Ma , andMc .
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points and converges towards the iso 2 phase at a four-p
point. In Fig. 1~d! the Ch-B phase is closed by two four
phase points lying, respectively, on the boundaries of the
1 and iso 2 phases. In Fig. 1~e! the Ch-B2 phase merge with
the pol 1 and Ch-C phases at a triple point, and seem
converge towards the iso 2 and pol 2 phases at two fo
phase points. This variety of situations is related to the pr
erty, shown in Refs.@9# and@10#, that the shape of the biaxia
regions and the corresponding types of singularities dep
on the sign of the phenomenological coefficienta2 in Eq.
~1!: For a2.0 the biaxial phase has been shown in Ref.@10#
to display a ‘‘moon-section’’ type of shape ending at tw
four-phase~Landau! points, whereas fora2,0 the shape is
modified and exhibits three-phase points@10#.

Let us show that changes in the values oft and (n/n0)
may induce a change in sign ofa2 and consequently produc
a change in the shape of the biaxial phase~s! and of the
corresponding n-phase points. Minimizing F2 with
respect tot and (n/n0) yields the equilibrium valuest2

.2(1/2c2)(c11d13I 18) and ne/n052(1/2e2)(e11d14I 18).
Hence, the quadratic contribution toF2 which is c2(te)2

1e2(ne/n0)2 leads to a renormalization of the coefficient
I 18

2 which is

a285a21
1

4 S d13
2

c2
1

d14
2

e2
D . ~8!

Accordinglya28 may have either the sign ofa2 or the reverse
sign depending on the respective signs and values ofc2 and
e2, and on the magnitude of the coupling coefficientsd13 and
d14. In other words, varying the micellar shape anisotro
(t) and the chirality (n/n0) may give rise to different topolo-
gies for the biaxial cholesteric phase. This is illustrated
Fig. 5 which shows the evolution of the shape of the prec
ing phase whena28 varies from positive to negative value
For a2850 the Landau pointL1 transforms into two triple
pointsT1 andT2 on the first-order transition line separatin
the iso 1 phase from the cholesteric region. Note that on
first-order transition line separating the iso 2 phase from
preceding region the change in the topology of the singu
points ~from a four-phase to a three-phase point! may not
occur simultaneously since at lower temperature the sh
anisotropy and chirality are different and the coefficientsc2 ,
e2 , d13, and d14 have different values. Note also that th

ts

FIG. 5. Evolution of the shape of the biaxial phase when
phenomenological coefficienta28 defined by Eq.~8! is varied, under
the condition 4a28b22d12

2 .0. The evolution is shown in the plan
(c1 ,b1), or equivalently in the@T, (Ma or Mc)# plane. A topologi-
cal transition occurs whenL1 is transformed in (T1 ,T2) or whenL2

transforms into (L3 ,L4).
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transformation from four-phase-to three phase points m
occur via an intermediate stage involving two four-pha
points.

D. Crossover from simple to double topological metamorphosis

Figure 6 represents the combined effect of the preced
transformations in the plane of the phenomenological coe
cients (c1 ,b1). It shows two distinct regions of stability fo
the biaxial phase, one being inflated with respect to the o
toward lower temperatures and larger concentrations. On
other hand the shape of the two biaxial phases is topol
cally transformed by a change in the sign of the coeffici
a28 with decreasing temperature and increasing concentra
Mc . Assuming a linear dependence ofc1 andb1 as functions
of T andMc , the theoretical phase diagram of Fig. 6 refle
the essential features of the experimental phase diagra
Fig. 1~e!, which can therefore be understood as exhibitin
double topological metamorphosisof the high-temperature
singularity ~four-phase point! as well as atopological tran-
sition changing the shape of the biaxial phase. This interp
tation seems also to hold for the phase diagrams of Figs.~b!
and 3~c!, although the existing singularities are only par
singled out. In contrast the phase diagrams of Figs. 1~a!,
1~b!, 1~c!, and 1~d! correspond to a simple topological met
morphosis occurring with@Figs. 1~a!, 1~b!, and 1~c!# or with-
out @Fig. 1~d!# a change in the nature of the singularitie
Note that in Fig. 6 there exists three separated region
stability for the Ch-D phase, and only one Ch-C phase,
whereas in the experimental phase diagram of Fig. 1~e! two
distinct Ch-D regions are found. Note also that the symme
of the theoretical phase diagram with respect to theb1 andc1
axes, which had been pointed out in Refs.@9# and @10# as
typifying a single topological metamorphosis, is here lo
except for the iso 1 and iso 2 phases.

Figure 7 represents the simultaneous effects of a do
topological metamorphosis of the four-phase pointL1 ~which
gives rise to theL2 , T1 , T2 , L3, and L4 points! and of a
topological transformation of the biaxial phase (a28 going
from positive to negative values! in the 3D space
(a1 ,b1 ,c1). Thus, one may have either two biaxial phas
separated by the Ch-C phase, with a low-temperature Ch-D
phase, as in the phase diagram of Fig. 1~e!, or two biaxial

FIG. 6. Theoretical phase diagram in the (c1 ,b1) plane reflect-
ing the double topological metamorphosis and topological transi
described in the text.
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phases separated by the Ch-D phase, with a low temperatur
Ch-C phase as in the phase diagrams of Figs. 3~a! and 3~b!.

IV. SUMMARY AND CONCLUSION

In summary, we have presented experimental phase
grams of lyotropic cholesteric fluids, which reveal a rema
able variety of configurations with respect to the phase d
grams previously obtained for such systems@4–7#. The most
striking result is the observation in some of the obtain
phase diagrams of two distinct biaxial phases, as well as
or three distinct uniaxial Ch-D phases. The fact that the re
spective influences of the shape anisotropy and chirality
the micellar population on the stabilization of the vario
cholesteric phases cannot be clearly separated, and the
trasted topologies found in the different phase diagrams
not allow a simple picture of the conditions under whi
biaxial phases may form. However, analyzing the expe
mental phase diagrams of Figs. 1 and 3 suggests the fol
ing remarks. From the phase diagrams of Figs. 1~a! and 1~b!
the biaxial phase appears as corresponding to an interme
regime between the uniaxial Ch-C and Ch-D cholesteric
phases, which take place, respectively, for small and la
values of both the micellar shape anisotropy and chiral
This is confirmed in the phase diagram of Fig. 1~e! where the
two biaxial phases are again bounded by the Ch-C and Ch-D
phases. A prerequisite for the existence of the sec
(Ch-B1) biaxial phase being the stabilization of a seco
uniaxial Ch-D phase, which appears in the upper part of t
phase diagrams of Figs. 1~c!, 1~d!, and 1~e!. In those phase
diagrams the variational parameter which seems to discr
nate the high- and low-temperature Ch-D and Ch-B1–Ch-B2
phases is the chiral-order parameter. However, the phase
grams shown in Fig. 3 confirm only partly the precedi
conclusions. Thus if the Ch-B2 phase is again bounded by
Ch-D and Ch-C phase in Figs. 3~a! and 3~b!, the Ch-B1
phase is sandwiched by two Ch-D phases@Figs. 3~a! and
3~c!# or by a lamellar phase and a Ch-D phase@Fig. 3~b!#.

A theoretical description has been proposed to relate
observed features of the phase diagrams to the conjun

n
FIG. 7. Theoretical phase diagram in the (c1 ,b1 ,a1) space. The

biaxial phase shown in the central figure (a28,0) is stabilized at
lower temperature and larger concentrations (Ma ,Mc) than the bi-
axial phases represented in the left- or righ-hand side figuresa28
.0). The surfaces denoted 1 and 2 are the limit of stability of
isotropic phases.
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influences of changes in the shape anisotropy and chiralit
the micelles. With respect to a previous theoretical appro
of the phase diagrams of lyotropic nematic and cholest
phase diagrams@9,10#, it takes explicitly into account the
chirality as an additional internal degree of freedom of
system. Accordingly the difference in the size and locat
of the two biaxial phases are interpreted as two differ
nonlinear two-dimensional cross sections of a hypervolu
of the order-parameter space. On the other hand the mo
cation in the nature of the corresponding singularities~three-
-

.
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ol.
of
h

ic

e
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or four-phase points! has been related to a change in sign
one of the phenomenological coefficients in the ord
parameter expansion, which can be induced by a chang
the shape anisotropy and chirality of the micellar populati
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